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OPERATOR LIPSCHITZ FUNCTIONS ON BANACH SPACES 


JAN ROZENDAAL, FEDOR SUKOCHEV, AND ANNA TOMSKOVA 


ABSTRACT. Let X, Y be Banach spaces and let C(X, Y) be the space of bounded 
linear operators from X to Y. We develop the theory of double operator integrals 
on C(X, Y) and apply this theory to obtain commutator estimates of the form 

||/(B)S-S/(A)|| £(jw < const ||BS — SA|| £ j X _ Y ) 

for a large class of functions /, where A 6 £(X), B 6 £(Y) are scalar type opera¬ 
tors and S 6 C(X,Y). In particular, we establish this estimate for /(f) := |t| and 
for diagonalizable operators on X = f p and Y = £q, for p < q and p = q = 1, and 
for X — Y = Co- We also obtain results for p > q. 

We study the estimate above in the setting of Banach ideals in £(X,Y). The 
commutator estimates we derive hold for diagonalizable matrices with a constant 
independent of the size of the matrix. 


1. Introduction 

Let X be a Banach space and let £(X) be the space of all bounded linear op¬ 
erators on X. Let A, B E £(X) be scalar type operators (see Definition 13.11 below) 
on X. Let / : sp(A) U sp(B) —> C be a bounded Borel function, where sp( A) 
(resp. sp(B)) is the spectrum of the operator A (resp. B). We are interested in Lip- 
schitz type estimates 

(1-1) !I/(B) - f(A) || £(x) < const || B - A \\ c(x) , 

where || ■ ||z:(x) is the uniform operator norm on the space £(X), and more gener¬ 
ally in commutator estimates 

(1.2) ||/(B)S - Sf(A) || £(X/Y) < const ||BS - SA|| £(X/Y) 

for Banach spaces X and Y, scalar type operators A e C(X) and B E £(Y), and 
S E £(X, Y). This problem is well known in the special case where X = Y is a 
separable Hilbert space, such as ti, and A and B are normal operators on X. In 
this paper we study such estimates in the Banach space setting, and specifically 
for X = £ p and Y — with p, q E [1, oo]. 

In the special case where A, B are self-adjoint bounded operators on a Hilbert 
space H the estimate 

(1.3) ||/(B)-/(A)|| £(H} < const ||B-A|| £(H) 

was established by Peller H24H26I (see also IflOl ) for / : 1R —> ]R in the Besov class 
B^ | (R) (for the definition of B^ 1 (R) see Section l331 l. This result extended a long 
line of results from 0- 0, in which the theory of double operator integration 
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was developed to study the difference /(B) — f (A) (see also ®). This theory was 
revised and extended in various directions, including the Banach space setting, in 
El- However, until now the results in the general setting were much weaker than 
in the Hilbert space setting. In this paper we show that for scalar type operators 
on Banach spaces one can obtain results matching those on Hilbert spaces. 

In Corollary !4.9l below we prove that ill.Ill holds when A,B G £(X) are scalar 
type operators with real spectrum and / G B(_ j (R). It is immediate from the 
definition of a scalar type operator that every normal operator on H is of scalar 
type. Therefore, Corollary 14.91 extends dl .3ft to the Banach space setting. More 
generally, dl.21) holds for / G B^ 1 (R) and for all S G £(X, Y) (see Corollary 14.81 1 

If / is the absolute value function then / (£ B/ } (R) and the results mentioned 
above do not apply. Moreover, the techniques which we used to obtain dl.ll) for 
/ G B/ | (R) cannot be applied to the absolute value function (see Remark 18.411 . 
However, the absolute value function is very important in the theory of matrix 
analysis and perturbation theory (see f5} Sections VII.5 and X.2]). 

In the case where H is an infinite-dimensional Hilbert space, it was proved by 
Kato m that the function t h -> \t\, t G R does not satisfy dl.3b . An earlier example 
of McIntosh Il22l showed the failure in general of the commutator estimate dl.2b 
for this function, in the case X = Y = H. Later, it was proved by Davies ||9| that 
for 1 < p < oo and the Schatten von-Neumann ideal Sp with the corresponding 
norm || ■ \\s p , the estimate 

|||B| - \A\\\ Sp < const ||B- A\\ Sp 

holds for all A, B G Sp if and only if 1 < p < oo. Commutator estimates for 
the absolute value function and different Banach ideals in £(H) have also been 
studied in Cl- The proofs in II91 ITT1IT4I are based on Macaev's celebrated theorem 
(see d) or on the UMD-property of the reflexive Schatten von-Neumann ideals. 
However, the spaces £(X, Y) are not UMD-spaces, and therefore the techniques 
used in mmm do not apply to them. To study dl.2b for X — £ p and Y = £q, 
we use completely different methods from those of II91 1TT1IT41 . Instead, we use the 
theory of Schur multipliers on the space C(£ p ,£q) developed by Bennett 0, @). 

Let p, q G [1, oo] with p<q,p = q = lorp — q — oo. In Section[6]we show 
(see Theorem 16.7b that, for diagonalizable operators (for the definition see Section 
[5) A G £(/,) and B G £ ( lq), and for the absolute value function /, 

(1.4) ||/(B)S - S/(A )\\ CM) < const ||BS - SA\\ CM) 

holds for all S G £(f p , lq) (where £oo should be replaced by Co). In particular, 

(1-5) ||/(B)—/(A)|| £(4) < const \\B-A\\ m) 

and 

(1-6) ||/(B)-/(A)|| £(co) < const ||B - A|| £(co) 

for diagonalizable operators on /:) respectively cq. Therefore we show that, even 
though ill.4b fails for p — q — 2, and in particular (II.lb fails for X — £2 and / 
the absolute value function, one can obtain commutator estimates for p < q and 
Lipschitz estimates 111.lb for X — £1 or X = cq. 

We also obtain results for p > q. In particular, for p = q — 2 we prove (see 
Corollary 16.15b that for each e G (0,1] there exists a constant C > 0 such that 
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the following holds. Let A,B G £(£ 2 ) be compact self-adjoint operators, and let 
U, V G £(£ 2 ) be unitaries such that 

00 00 

HALT 1 = a (Pj and VBV- 1 = ^ 

/= 1 ; =1 

where {Ay}^ and {py}^ are sequences of real numbers and the Vj G £{£ 2 ), for 
j G N, are the basis projections corresponding to the standard basis of £ 2 - Then 

(1.7) 

|||B| - \A\\\ cm < Cmin (|| V(B - A)\\V(B - A) ir 1 || £(W2) ), 

where we let the right-hand side equal infinity if V(B — A) U _1 <£_ £(f?2/^2-e) U 
£{£l+e, £l)- 

We note that the constants which appear in our results depend on the spectral 
constants of A and B from Section [3.11 and in (11.4b . ill.5b and ill. 6b on the diagonal- 
izability constants of A and B from (15.5b . These quantities are independent of the 
norms of A and B, and to obtain constants which do not depend on A and B in 
any way one merely has to restrict to operators with a sufficiently bounded spec¬ 
tral or diagonalizability constant. This is already done implicitly on Hilbert spaces 
by considering normal operators, for which the quantities involved are equal to 1. 
For example, in 111.7b the constant C does not depend on A or B in any way. Our 
results therefore truly extend the known estimates on Hilbert spaces, the main dif¬ 
ference between Hilbert spaces and general Banach spaces being that on Hilbert 
spaces one has a large and easily identifiable class of operators with spectral con¬ 
stant 1 or which are diagonalizable by an isometry. 

We study the commutator estimate in ill.2b in the more general form 

(1.8) ||/(B)S - S/(A)||j < const ||BS - SA|| X , 

where I is an operator ideal in £(X, Y). For example, we prove in Corollary 14.81 
that ill.3b holds for a general Banach ideal I in £(X) with the strong convex com¬ 
pactness property (for definitions see Scction EOl . with respect to the norm || ■ || x . 

We also present (see Theorem 17.3b an example of a Banach ideal (I, || • || x ) in 
£(lp*,£p), for 1 < p < 00 and A + = 1, namely the ideal of p-summing opera¬ 

tors, such that any Lipschitz function / (in particular, the absolute value function) 
satisfies m- 

In the final section we apply our results to finite-dimensional spaces, and obtain 
commutator estimates for diagonalizable matrices. Any diagonalizable matrix is 
a scalar type operator, hence estimates 111.4b - dl.8b hold for diagonalizable matrices 
A and B with a constant independent of the size of the matrix. 

2. Notation and terminology 

All vector spaces are over the complex number field. Throughout, X and Y de¬ 
note Banach spaces, the space of bounded linear operators from X to Y is £ (X, Y), 
and £(X) := £(X,X). We identify the algebraic tensor product X*Q Y with the 
space of finite rank operators in £(X, Y) via (x*Cg> i/)(;t) := ( x*,x)y for x G X, 
x* G X* and y G Y. The spectrum of A G £(X) is sp(A), and by lx G £(X) we 
denote the identity operator on X. Throughout the text we use the abbreviations 
SOT and WOT for the strong and weak operator topology, respectively. 
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The Borel cr- algebra on a Borel measurable subset irCC will be denoted by 'XV, 
and 55 := 55^. For measurable spaces (Gj , V) and (G 2 , £ 2 ) we denote by Z| <g>£ 2 
the <7-algebra on G| x G 2 generated by all measurable rectangles cq x cr 2 with 
cq G £i and c 7 2 G Z 2 . If (G, £) is a measurable space then £?(G, £) is the space of 
all bounded E-measurable complex-valued functions on G, a Banach algebra with 
the supremum norm 

ll/llB(n,E) ;= SU P l/( w )l (/ G #(G,£)). 

wen 

We simply write B(C1) £?(G, £) and H/H^ := ll/llgjnz) w h en little confusion 

can arise. 

If fi is a complex Borel measure on a measurable space (G, E) and X is a Banach 
space, then a function / : G —> X is ft-measurable if there exists a sequence of X- 
valued simple functions converging to / //-almost everywhere. For Banach spaces 
X and Y and a function / : G —> £(X, Y), we say that / is strongly measurable if 
co 1 —y f(co)x is a /(-measurable mapping G —> Y for each x G X. 

If /(is a positive measure on a measurable space (G, E) and / : G —> [0, 00 ] is a 
function, we let 

/ f(co)dy(co) : = inf / g(co)dp(co) G [0,oo], 

J fi J fi 

where the infimum is taken over all measurable g : G —> [0, 00 ] such that y(cu) > 
f(co) for co G G. 

The Holder conjugate of p G [1, 00 ] is denoted by p* and is defined by jj + j* — 
1. The indicator function of a subset <j of a set G is denoted by l a - We will often 
identify functions defined on cr with their extensions to G by setting them equal to 
zero off cr. 


3. Preliminaries 

3.1. Scalar type operators. In this section we summarize some of the basics of 
scalar type operators, as taken from (151 . 

Let X be a Banach space. A spectral measure on X is a map E : $ —> C(X) such 
that the following hold: 

• E(0) = 0 and E(C) = I x ; 

• E(cq n U 2 ) = E(cq)E((72) for all U!,cr 2 G *8; 

• E(cq U cr 2 ) = E(cq) + E(t7 2 ) — E(£7 i)E(£ 7 2 ) for all j 1/ c r 2 G 55; 

• E is (7-additive in the strong operator topology. 

Note that these conditions imply that E is projection-valued. Moreover, by fl5i 
Corollary XV.2.4] there exists a constant K such that 

(3.1) \\E(a)\\ c{x] < K ((re®). 

An operator A G £(X) is a spectral operator if there exists a spectral measure E 
on X such that AE(cr) = E(<r)A and sp(A, E(u)X) C a for all u G 55, where 
sp(A, E(cr)X) denotes the spectrum of A in the space E(V) X. For a spectral opera¬ 
tor A, we let v(A) denote the minimal constant K occurring in J3.ll and call v(A) 
the spectral constant of A. This is well-defined since the spectral measure E asso¬ 
ciated with A is unique, cf. fl~5l Corollary XV.3.8]. Moreover, £ is supported on 
sp(A) in the sense that E(sp(A)) = Ix [IS Corollary XV.3.5]. Hence we can define 
an integral with respect to £ of bounded Borel measurable functions on sp(A), as 
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follows. For / = Ylj= 1 a finite simple function with oij e c and (Tj C sp(A) 

Borel for 1 < j < n, we let 


(3.2) 


/ /dE^A/E^). 

«/Sp(A) ; i 


'sp(A)' y =1 

This definition is independent of the representation of /, and 


j f dE 

= sup 

n 

r, ttjX*E(crj)x 

Jsp(A) 

£(X) ||z|| x =|l**llx*=l 

;=1 


< SUp |«y 

j 

<41 


71 SU P 

11*11 v—II ** llx* “1 


|x*E(-)x| 


x 

K(sp(A)) 


sup sup |x*E((j)x| 

hllx=lh*llx*= 1 <rCsp(A) 


— 4v(A) ||/||b( sp (^)), 

where ||x*E(-)x|| var is the variation norm of the measure x*E(-)x. Since the simple 
functions lie dense in B (sp( A )), for general / G £>(sp(A)) we can define 


[ fdE ■- lim / f n dE G C(X) 

Jsp(A) n-A-ooJ sd ( A ) j 


sp(A) ’ 


^ {fn}n =1 — ^( S P(^)) i s a sequence of simple functions with \\f n — fW^ —> 0 as 
n —> oo. This definition is independent of the choice of approximating sequence 
and 


(3.3) 


L 


fdE 


C{X) 


< 4l /(A) ll/llB( sp (A)) ■ 


/sp(A) 

It is straightforward to check that 

/ ( «/ + s) dE = «/ /“£+/ 


Isp(A) 

[ fgdE — ( f f dE ]([ g dE ) 

Jsp(A) \Jsp(A) J \Jsp(A) J 


sp(A) 


gdE, 


for all j £ C and simple f,g G £>(sp(A)), and approximation extends these iden¬ 
tities to general f,g G B(sp(A)). Moreover, J sp(A , IdE = E(sp(A)) = lx- Hence 
the map / h-> f sp ( A )fdE is a continuous morphism E?(sp(A)) —» £(X) of unital 
Banach algebras. Since the spectrum of A is compact, the identity function A H> A 
is bounded on sp(A) and J ^ A dE(A) G £(X) is well defined. 

Definition 3.1. A spectral operator A G £(X) with spectral measure E is a scalar 
type operator if 


A = 


[ AdE(A). 

isp(A) 


The class of scalar type operators on X is denoted by £ S (X). 

For A G £ S (X) with spectral measure E and / G £>(sp(A)) we define 


(3.4) 


M) := [ 

J SI 


sp(A) 


fdE. 
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Then, as remarked above, / i —> /(A) is a continuous morphism £>(sp(A)) —> £(X) 
of unital Banach algebras with norm bounded by 4 v(A). Note also that 

(3.5) (x*,f(A)x) — f /(A) d(x*, E(A)x) 

Jsp(A) 

for all f £ £>(sp(A)), x € X and x* £ X*. Indeed, for simple functions this follows 
from (13.2b . and by taking limits one obtains d3.5b for general / £ £? (sp (A)). 

Finally, we note that a normal operator A on a Hilbert space H is a scalar type 
operator with v(A) — 1, and in this case 13.3b improves to 


(3.6) 



< 

£(H) 


ll/lls(sp(A))' 


as known from the Borel functional calculus for normal operators. 


3.2. Spaces of operators. In this section we discuss some properties of spaces of 
operators that we will need later on. 

First we provide a lemma about approximation by finite rank operators. Recall 
that a Banach space X has the bounded approximation property if there exists M > 1 
such that, for each K C X compact and e > 0, there exists S £ X*(g)X with 
||S|| £ ( X ) < M and sup^j, ||Sx — x|| x < e. 

Lemma 3.2. Let X and Y be Banach spaces such that X is separable and either XorY has 
the bounded approximation property. Then each T £ £(X, Y) is the SOT-limit of a norm 
bounded sequence of finite rank operators. 

Proof. Fix T £ £(X, Y). By (2ll Proposition l.e.14] there exists a norm bounded 
net { Tj C X" (/_) Y having T as its SOT-limit. It is straightfroward to see that the 

strong operator topology is metrizable on bounded subsets of £(X, Y) by 

OO 

d(S 1/ S 2 ):= J2 2 ~ k W S ^ x k- s 2 x k\\r (S 1/ S 2 ££(X,Y)) / 

k =1 

where C X is a countable subset that is dense in the unit ball of X. Hence 

there exists a subsequence of {Tj} with T as its SOT-limit. □ 

Let X and Y be Banach spaces and let Z be a Banach space which is continu¬ 
ously embedded in £(X, Y). Following 11361 (in the case where Z is a subspace 
of £(X, Y)), we say that Z has the strong convex compactness property if the follow¬ 
ing holds. For any finite measure space (Cl,X,p) and any strongly measurable 
bounded / : O —» Z, the operator T £ £(X, Y) defined by 

(3.7) Tx [ f(co)xdu(co) (x £ X), 

in 

belongs to Z with ||T|| Z < / n ||/(&t)|| z dp(co). By the Pettis Measurability Theo¬ 
rem, any separable Z has this property. Indeed, if Z is separable then combining 
Propositions 1.9 and 1.10 in f35l shows that any strongly measurable / : O —> Z is 
/(-measurable as a map to Z. If / is bounded as well, then (13.7b defines an element 
of Z with 

im z < / n ||/(o,)|| z dKa,). 
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It is shown in If36l and El that the compact and weakly compact operators have 
the strong convex compactness property, but not all subspaces of £(X, Y) do. 
Moreover, if Af is a semifinite von Neumann algebra on a separable Hilbert space 
H, with faithful normal semifinite trace r, and T is a rearrangement invariant Ba¬ 
nach function space with the Fatou property, then £ = J\f (~l J-{ N, r) has the strong 
convex compactness property (21 Lemma 3.5]. 

Lemma 3.3. Let X and Y be separable Banach spaces and Z a Banach space continuously 
embedded in £(X, Y). If Bz ■— {z G Z | ||z|| z < 1} is SOT-closed in £(X, Y), then Z 
has the strong convex compactness property. 

Proof. The proof follows that of 12] Lemma 3.5]. First we show that Bz is a Polish 
space in the strong operator topology. As in the proof of Lemma 13.21 bounded 
subsets of £(X, Y) are SOT-metrizable. The finite rank operators are SOT-dense 
in £(X, Y), hence £(X, Y) is SOT-separable. Therefore By is SOT-separable and 
metrizable. By assumption. By is complete. 

Now let (Ci,p) be a finite measure space and let / : G —t Z be bounded and 
strongly measurable. Without loss of generality, we may assume that /(G) C By 
and that }i is a probability measure. For each y* G Y* and x G X, the mapping 
By —> [0, oo), T t—> \{y*,Tx) \ is continuous. The collection of all these mappings, 
for y* G Y* and x G X, separates the points of By. Moreover, co \(y*,f(co)x)\ 
is a measurable mapping G —» [0, oo) for each y* G Y* and x G X. By l35l Propo¬ 
sitions 1.9 and 1.10], / is the ^-almost everywhere SOT-limit of a sequence of By- 
valued simple functions \fk\ff]- Let T n f n /,, dp G By. By the dominated 
convergence theorem, T„(x) —» T(x) := f n f(co)xdy(co) as n —t oo, for all x G X. 
By assumption, T G By. 

Now let : G —» [0, oo) be measurable such that 1 > g(w) > \\f(cv)\\ z for 

co G G, and define h(co) and di/(cu) := T — , , du(o;) for co G G. 

v ’ g{w) K ’ .IciSW d M'/) rK ’ 

By what we have shown above, x H> f n h(co)xdv(co) defines an element of By. 
Since Tx = f n f(co)xdy(co) — f n g(co) dy(co) f n h(co)xdv(co), we obtain ||T|| Z < 
f Q g(a>) dp(co), as remained to be shown. □ 

Remark 3.4. Note that the converse implication does not hold. Indeed, if X is a 
Hilbert space (or more generally, a Banach space with the metric approximation 
property) then the finite rank operators of norm less than or equal to 1 are SOT- 
dense in the unit ball of £(X). Therefore the compact operators of norm less than 
or equal to 1 are not SOT-closed in £(X) if X is infinite-dimensional. However, 
by lf36l Theorem 1.3], the space of compact operators on X has the strong convex 
compactness property. 

Let X and Y be Banach spaces and X a Banach space which is continuously 
embedded in £(X, Y). We say that (X, || ■ \\ z ) is a Banach ideal in £(X, Y) if 

• For all R G £(Y), S G X and T G £(X), RST G X with l\RST\\j < 

II-^11 £(Y) lISlIl ll'T|l£(X)i 

• X*(g) Y C X with ||x*(g) y\\ x = ||x*|| x * \\y\\ Y for all x* G X* and y G Y. 

By Lemma [3.31 and (12] Proposition 17.21] (using that the SOT and WOT closures 
of a convex set coincide), for separable X and Y, any maximal Banach ideal (for the 
definition see e.g. |27|) in £(X, Y) has the strong convex compactness property. 
This includes a large class of operator ideals, such as the ideal of absolutely p- 
summing operators, the ideal of integral operators, etc. [121 p. 203]. 
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3.3. Algebras of functions. In this section we discuss some algebras of functions 
that will be essential in later sections. 

Let ci, cr 2 C C be Borel measurable subsets and let 21 (cq x cr 2 ) be the class of 
Borel functions cp \ a j x cr 2 — » C such that 

(3.8) <KAi,A 2 ) = / fl 1 (Ai,m)fl 2 (A2, cc) dpi(co) 

in 

for all (Ai, A 2 ) e^x a 2 , where (O, E, pi) is a finite measure space and a 2 £ B(cr jx 
Q, 8 E), a 2 £ B(cr 2 x Cl, *B<r 2 <8 E). For cp £ 2l(cq x <j 2 ) let 

Il<pll2l(cr 1 xcr 2 ) : = ^ ll«l(-/")llUfa) II'«2(-/<«>)llfifo) dpM, 

where the infimum runs over all possible representation^ in (13.8b (it is straightfor¬ 
ward to show that the map a; i—> ||fli(-,c;)||gj £ri j ||fl 2 (-,a;)|| B ^ is measurable). 

Lemma 3.5. For all a 2 C C measurable, 2l(cq x cr 2 ) is a unital Banach algebra which 
is contractively included in B{cr\ x cr 2 ). 

Proof. That 2l(cq x cr 2 ) is a vector space is straightforward, and that it is normed 
algebra is shown in (28j. Lemma 3] for cq — cr 2 — R (the proof in our setting is 
identical). The completeness of 2l(cq x cr 2 ) follows by showing that an absolutely 
convergent series of elements in 21 (cq x cr 2 ) converges in 21 (cq x cr 2 ). This is done 
by considering a direct sum of the measure spaces involved. □ 


We now state sufficient conditions for a function to belong to 2t. The first will be 
used in the proof of Proposition l5.6l Let W 1,2 (1R) be the space of all g £ L 2 (R) with 
weak derivative g' £ L 2 (R), endowed with the norm ||g|| w U(R) := III S’ 11 l 2 (jr) + 
IIsIl^r) for g G W 1,2 (R). 


Lemma 3.6. 

(3.9) 


Theorem 9] Let g £ W 1,2 (R) and let 


fe (A„A 2 ):=| ‘ff A 


0 otherwise 

Then ip g £ 2l(R 2 ) with ||^|| a(R2) < >/2 ||g||wV(]R)- 


The second condition involves the Besov space B^ ol (R). Following |25L let 
{fk}ke z be a sequence of Schwartz functions on R such that, for each k £ Z, 
the Fourier transform J-ipk of ipk is supported on [2 k ~ 1 ,2^ +1 ] and J-ipk + i(x) — 
J r fl ( (2x) for all x > 0, and such that Fipi{x) — 1 for all x > 0. Let ip), be 

defined by J-ip^(x) — Fipk(-x) for k £ Z and x £ R. If / is a distribution on R 
such that {2 ,c \\f * i/q|| L ~(]R)}fcez e fi(Z) and {2 k ||/* || L ~ (]R) }/cez e fi(Z),then 

f admits a representation 

(3.io) /= Ef* x Pk+Ef*'Pk + p ’ 

kez. ke z 

where P is a polynomial. 


^This might seem problematic from a set-theoretic viewpoint. The problem can be fixed by choosing 
an equivalence class of such a representation for each r 6 R which can occur in the infimum. 
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We let the homogeneous Besov space B^ 1 (1R) consist of all distributions as above 
for which P = 0. Then B^, x(R) is a Banach space when equipped with the norm 

oo oo 

ll/llfli, (r) ; = E 2 fc ||/*^|| L » (R) + E ^ k \\f*r k \\^m (/eB^(R)). 

k——oo k =—oo 

For / G B^ 1 (R) define ipf : C 2 —> € by 


^/(Ai, A 2 ) 


/(A A2-a| A 1> if ( A l' A 2) e ^ and A 1 ^ A 2 
/'(Ax) ifA 1= A 2 eR 


Lemma 3.7. T/icre exists a constant C > 0 such that xpf G 2l(R 2 )/or eadi / G B^ 1 (R), 

with \ML (K2 )- c||/|| fiE(«)- 


Proof. Let / G B^_ 1 (R). In [25j Theorem 2] (see also | 26l p. 535]) it is shown that f f 
has a representation 

^/(A i,A 2 ) = L a 2 (Aj, co)a 2 (\ 2 , u>) d^(iu) 

for (Aj,A 2 ) G R 2 , where (ft, ji) is a measure space and iq and a 2 are measurable 
functions on R x Q such that 

J n ll fl i(ua;)||o 0 ||fl2(-,w)||o 0 d|^|(a;) < C ||/|| fl ^ (R) 

for some constant C > 0 independent of /. The desired conclusion now follows by 
replacing fli(Ai,o;) and a 2 (\ 2 ,cv) by respectively and d//(a>) 

by ||«i(-,w)L ll«2(-,w)|| 00 d^(w). □ 


In l25l Theorem 3] Peller also states a condition on a function / on R which 
is necessary in order for q)f G 21 (R 2 ) to hold, and this condition is only slightly 
weaker than / G B^ 1 (R). 


4. Double operator integrals and Lipschitz estimates 


4.1. Double operator integrals. Fix Banach spaces X and Y, scalar type opera¬ 
tors A G £ S (X) and B G £ S (Y) with spectral measures £ respectively F, and 
(p G 2l(sp(A) x sp(B)). Let a representation 13.8b for cp be given, with corre¬ 
sponding (Cl,p) and a\ G Z?(sp(A) x O), a 2 G £>(sp(B) x Q). For co G O, let 
ai(A,<x>) := ai(-,co)(A) G £(X) and a 2 (B,u;) := a 2 (-,co)(B) G £(Y) be defined 
by the functional calculus for A respectively B from Section [3.11 

Lemma 4.1. Let S G £(X, Y) have separable range. Then, for each x G X, co 1 —t 
« 2 (B,a;)Sfli(A,a;)x is a weakly measurable map Q —> Y. 

Proof. Fix x G X. If «! = l< r for some cr C sp(A) x Q then it is straightforward 
to show that (x*,a\(A, - )x) is measurable for each x* G X*. As S has separable 
range, Sa\(A, - )x is ^-measurable. If a 2 is an indicator function as well, the same 
argument shows that a 2 (B, -)y is weakly measurable for each y G Y. General argu¬ 
ments, approximating Sa\(A, -)x by simple functions, show that a 2 (B, -)Sfli(A, -)x 
is weakly measurable. By linearity this extends to simple a\ and a 2 , and for gen¬ 
eral fi] and a 2 let {//tjjteiN/ { gk } ke in be sequences of simple functions such that 









10 


JAN ROZENDAAL, FEDOR SUKOCHEV, AND ANNA TOMSKOVA 


ci\ — lim^oo /t- and a 2 = lim^oo g;t uniformly. Then cii(A, co) — lim^oo fk(A) 
and (i 2 {B,co) — lim^o, gk(B) in the operator norm, for each <x> E Cl. The desired 
measurability now follows. □ 


Now suppose that Y is separable, that X is a Banach ideal in £(X, Y) and let 
S E £(X, Y). By (O, 

(4.1) 

||a 2 (B,o;)Sa 1 (A,a;)|| J < 16v(A)v(B) ||S|| X ||fl 1 (-,a;)|| B(sp(A)) ||fl 2 (vw)|| B(sp(B)) 

for zv E Cl. Since X is continuously embedded in £(X, Y), by the Pettis Measura¬ 
bility Theorem, Lemma l4Tl and d4 lb we can define the double operator integral 

(4.2) T£' B (S)x := [ a z (B,co)Sa 1 (A / co)xdu(co) EY (xE X). 

T in 

Throughout, we will use T tp for T^' B when the operators A and B are clear from 
the context. 


Proposition 4.2. Let X and Y be separable Banach spaces such that X or Y has the 
bounded approximation property, and let A E £ S (X), B E £ S (Y), and cp E 2l(sp(A) x 
sp(B)). Let X be a Banach ideal in £(X, Y) with the strong convex compactness prop¬ 
erty. Then (14.2b defines an operator T^' B E £(X) which is independent of the choice of 
representation of cp in (13.8b . with 


(4.3) 


r rA,B 

<P 


C{X) - 16l/ ( A M B ) M 2l(sp(A) xsp(B)) ‘ 


Proof. By (14.1b and the strong convex compactness property, T<p(S) E £(X) for all 
S E X, with 


M S )\\i < 16v(A)v(B) ||fli(-,w)|| 6(sp(A)) ||« 2 (-,w)|| B(sp(B)) dp(co). 


Clearly T, p is linear, hence the result follows if we establish that T, p is independent 
of the representation of cp. For this it suffices to let cp = 0. Now, first consider 
S = x*®y for x* E X* and y EY, and let x E X, y* E Y* and w E Cl. Recall that E 
and F are the spectral measures of A and B, respectively. Then 


(y*,a 2 {B,Lo)Sai(A,co)x) — / fl 2 (j/,o;) d{y*,F(r])Sai(A,co)x) 

isp(B) 

= [ a 2 (r],co){x*,a 1 (A,co)x) d{y*,F{y)y) 

J sp(B) 

= /.,/, «i(A,o;)fl 2 (j/,a;)d(**,E(A)*)d(y*,F(j 7 )y) 

J sp(B) Jsp(A) 


by (13.5b . Now Fubini's Theorem and the assumption on cp yield T (p (S) — 0. By 
linearity, Tq,(S) = 0 for all S £ X* ® Y. By Lemma 13.21 a general S E X is the 
SOT-limit of a bounded (in £(X, Y)) sequence {S„ }«eN CX’gY. The dominated 
convergence theorem shows that Tcp(S)x = ]im„->oo T (p (S n )x — 0 for all x E X, 
which implies that T (p is independent of the representation of cp and concludes the 
proof. □ 
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Note that, if A and B are normal operators on separable Hilbert spaces X and 
Y, then <14.3b improves to 


(4.4) 


r y , A.,B 

<P 


C(I) — ^^'^( s p (^) xs p (®)) ' 


by appealing to (13.6b instead of d3.3b in (14.1b . 


Remark 4.3. Let H be an infinite-dimensional separable Hilbert space and 5 2 the 
ideal of Hilbert-Schmidt operators on H. There is a natural definition (see f8]) 
of a double operator integral T^' B G £(62) for all f G B(C 2 ') and normal op¬ 
erators A, B G £(H), such that T^ ,B = T^' B if cp G A(sp(A) x sp(B)). One 
could wonder whether Proposition 14.21 can be extended to a larger class of func¬ 
tions than 2l(sp(A) x sp(B)) using an extension of the definition of T^' B in (14.2b 
which coincides with on <S 2 . But it follows from Gil Theorem 1] that T/p' B 
extends to a bounded operator on I = £( H) if and only if q> G 2l(sp(A) x 
sp(B)). Hence Proposition 14.21 cannot be extended to a larger function class than 
2t(sp(A) x sp(B)) in general. However, for specific Banach ideals, e.g. ideals 
with the UMD property, results have been obtained for larger classes of func¬ 
tions 1111112911 . 


Remark 4.4. The assumption in Proposition 14.21 that X or Y has the bounded ap¬ 
proximation property is only used, via Lemma 13.21 to ensure that each S G I is 
the SOT-limit of a bounded (in £(X, Y)) net of finite-rank operators. Clearly this 
is true for general Banach spaces X and Y if I is the closure in £(X, Y) of X*® Y. 
In GDI the authors consider an assumption on X and I, called condition ct, which 
guarantees that each S G I is the SOT-limit of a bounded net of finite-rank oper¬ 
ators. It is shown in GO) that this condition is strictly weaker than the bounded 
approximation property, for certain non-trivial ideals. In the results throughout 
the paper where we assume that X has the bounded approximation property, one 
may assume instead that X has satisfies condition ct for I for some A > 1. 

4.2. Commutator and Lipschitz estimates. Let p\ :, P 2 : C 2 — 1 > C be the coordinate 
projections p i(Ai,A 2 ) p 2 (Ai,A 2 ) ^2 for (i-i/i-2) £ C 2 . Note that / o 

Pi// 0 P 2 £ 2l(tri x cr 2 ) for all cr-i,u 2 C C Borel and / G B(o\ U a 2 ). For A and B 
selfadjoint operators on a Hilbert space and I a non-commutative L^-space, the 
following lemma is J28l Lemma 3]. 

Lemma 4.5. Under the assumptions of Proposition \4.2\ thefolloiving hold: 

(1) The map cp 1 —> T^' B is a morphism 2l(sp(A) x sp(B)) —> £(I) ofunital Banach 
algebras. 

(2) Let f G £>(sp(A) U sp(B)) and S G £(X,Y). Then T fopi {S) = Sf{A ) and 
Tfop 2 (S ) = f{B)S. In particidar, T pi (S ) = SA and T p2 (S) — BS. 

Proof. The structure of the proof is the same as that of [28) Lemma 3]. Linearity 
in m is straightforward. Fix cp\,cp 2 G 2l( s p(^) x s p(B)) with representations as 
in (13.8b . with corresponding measure spaces ( Cij, pf) and bounded Borel functions 
a lr j G ^(sp(A) x fly) and a 2 i G £>(sp(B) x fly) for; G {1,2}. Then cp := cp\cp2 also 
has a representation as in (13.8b . with fl = fli x n 2 , u = U\ x p 2 the product 
measure and a\ — a] ] a\ 2 , a 2 — fl 2 ,i a 2 , 2 - By multiplicativity of the functional 
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calculus for A, 

ai(A, (oii,a> 2 )) = (fli,i(-,cui)fli / 2 (-,a; 2 ))(A) — a 1/1 (A,cv 1 )ai /2 (A,u> 2 ) 
for all (u)\, cof) G O, and similarly for 02 ( 6 / (wi, <^ 2 )) ■ Applying this to (14.2b yields 

T<p(S)x = / fl 2 (S,cu)Sfli(A,a;)xdM(a;) 
in 

= / « 2,1 ( 8 , Wi) r ?2 (S)fli,i (A, W!)r df(! (wi) 

J Hi 

= 7yi(r,p2(s))x 

for all S G X and x G X, which proves (QJ. Part (O follows from 14.2b and the fact 
that Ty is independent of the representation of q>. □ 


For / : sp(A) U sp(B) —» C define 
(4.5) <p f { A!,A 2 ) 


/(A 2 )~/(Ai) 
A2 - Ai 


for (Aj, A 2 ) G sp(A) x sp(B) with Aj 7 ^ A 2 . 


Theorem 4.6. Let X imd Y fe separable Banach spaces such that XorY has the bounded 
approximation property, and let X be a Banach ideal in £(X, Y) with the strong convex 
compactness property. Let A G £ S (X) and B G £ S (Y), and let f G £?(sp(A) U sp(B)) 
be such that q>f extends to an element o/2l(sp(A) x sp(B)). Then 

(4.6) ||/(B)S - Sf(A)\\ x < 16v(A)i/(B)||< P/ || 2l(sp(A)xsp(B)) ||BS - SA|| X 

for all S G £(X, Y) such that BS — SA G X. 
hi particular, ifX — Y and B — A el, 

ll/(B)-/0)l| I <16v(AMB)|| f/ ||„ J(>p(4)xsp(B)) ||B->l|| I . 

Proof. Note that (p 2 — Pi)<ff — f 0 P 2 — / 0 Pi- By Lemma [431 

/(B)S - Sf(A) = T foV2 (S) - r /opi (S) = T (p2 _ pi)ff (S) = T p2<p/ (S) - T piVf (S) 

= T ff (T p2 (S) - T pi (S)) = T ff (BS - SA) 

for each S G X. Proposition 14. 2l now concludes the proof. □ 


Letting X and Y be Hilbert spaces and A and B normal operators, we gener¬ 
alize results from 151 1251 to all Banach ideals with the strong convex compactness 
property. As mentioned in Section 1321 this includes all separable ideals and the 
so-called maximal operator ideals, which in turn is a large class of ideals contain¬ 
ing the absolutely (p, q )-summing operators, the integral operators, and more fl 2 l 
p. 203]. Note that, for normal operators, we can improve the estimate in (14.6b by 
appealing to 14.4b instead of 14.3b . 

Corollary 4.7. Let A G £(X) and B G £(Y) be normal operators on separable Hilbert 
spaces X and Y. Let I be a Banach ideal in £(X, Y) with the strong convex compact¬ 
ness property, and let f G B(sp(A) U sp(B)) be such that cpf extends to an element of 
2t(sp(A) x sp(B)). Then 

||/(B)S - S/(A)fc < IIBS - SAk 
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for all S E £(X, Y) such that BS — SA E X. In particular, ifX = Y and B — A £l, 

ll/(B)-/0)lll<lk/ll a( , p(J)x , p(B)) l|H-^ll I . 

Combining Theorem l4.6l with Lemma 13.71 yields the following, a generalization 
of l25l Theorem 4]. 

Corollary 4.8. There exists a universal constant C > 0 such that the folloiving holds. 
Let X and Y be separable Banach spaces such that X orY has the bounded approximation 
property, and let X be a Banach ideal in £(X, Y) with the strong convex compactness 
property. Let f G 1 (1R), and let A G £ S (X) and B G £ S (Y) be such that sp(A) U 
sp(B) C R. Then 

(4.7) || f(B)S - Sf(A)\\ x < Cv(A)v(B) H/H^^ (R) ||BS - SA|| 2 

for all S G £(X, Y) such that BS — SA G X. In particidar, ifX — Y and B — A G X, 

\\f(B) — /(A)||x < Cv(A)v(B) ll/II^BB-Ab. 

In the case where the Banach ideal X is the space £(X, Y) of all bounded opera¬ 
tors from X to Y, we obtain the following corollary. 

Corollary 4.9. There exists a universal constant C > 0 such that the folloiving holds. Let 
X and Y be separable Banach spaces such that either XorY has the bounded approximation 
property. Let f G B^-^IR), and let A, B G £ S (X) be such that sp(A) U sp(B) C ]R. 
Then 

(4.8) \\f(B)S-Sf(A)\\ c{XJ) < Ci/(AMB)||/||^ i(r) ||BS-SA|| £(X/Y) 
for all S G £(X, Y). In particular, ifX — Y then 

II/(B) -/(A)|| £(x) < Cv(A)v(B) II/IIb^ i( r)I|B- A|| £(x) . 

Remark 4.10. Corollaries 14. 8l and l4.9l vield global estimates, in the sense that 114.71 
and (14.81 hold for all scalar type operators A and B with real spectrum, and the 
constant in the estimate depends on A and B only through their spectral constants 
v(A) and v(B). Local estimates follow if / G B(R) is contained in the Besov class 
locally. More precisely, given scalar type operators A G £ S (X) and B G C s (Y) 
with real spectrum, suppose there exists g G B^ ol (R) with g(s) — /(s) for all 
s G sp(A)Usp(B). Then (with notation as in Corollary 14.81 

(4.9) ||/(B)S - S/(A)||j < Cv(A)v(B) II^IIb^ i( ]R)IIBS - SA|| X 

for all S G £(X, Y) such that BS — SA G X. This follows directly from Theorem 

EH 


5. Spaces with an unconditional basis 

In this section we prove some results for specific scalar type operators, namely 
operators which are diagonalizable with respect to an unconditional Schauder ba¬ 
sis. These results will be used in later sections. In this section we assume all spaces 
to be infinite-dimensional, but the results and proofs carry over directly to finite¬ 
dimensional spaces. This will be used in Section [8.11 
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5.1. Diagonalizable operators. Let X be a Banach space with an unconditional 
Schauder basis {ey}^ =1 C X. For j £ N, let Vj £ £(X) be the projection given by 
Vj(x) := Xjej for all x = x k e k £ X. 


Assumption 5.1. For simplicity, we assume in this section that 


E/gN 'Pj 


C(x) 


= 1 


for all non-empty N C N. This condition is satisfied in the examples we consider in 
later sections, and simplifies the presentation. For general bases one merely gets additional 
constants in the results. 


An operator A £ £(X) is diagonalizable (with respect to {ej}™ = f) if there exists 
U £ £(X) invertible and a sequence £ Ira of complex numbers such that 

CO 

(5.1) UAU~ 1 x = A {PjX (x £ X), 

7=1 

where the series converges since is unconditional, cf. [ 321 Lemma 16.1]. In 

this case A is a scalar type operator, with point spectrum equal to {A j}Jf 1 , sp(A) — 

{ \j } ^ | and spectral measure E given by 

(5.2) E(<r) = Y2 U-'PjU 

A jeer 

for a C C Borel. The set of all diagonalizable operators on X is denoted by £^(X). 
We do not explicitly mention the basis {ej}JL^ with respect to which an operator 
is diagonalizable, since this basis will be fixed throughout. Often we write A £ 
£d(X, {Ay}“ =1 , LI) in order to identify the operator U and the sequence {A 
from above. For A £ C^{X, {A j}Jf v U) and / £ B (€), it follows from 13.41l that 

/ 00 \ 

(5.3) /(A) = ir 1 (E/(A 7 -)^)U. 

7=1 

Since any Banach space with a Schauder basis is separable and has the bounded 
approximation property, we can apply the results from the previous section to 
diagonalizable operators, and we obtain for instance the following. 

Corollary 5.2. There exists a universal constant C > 0 such that the follozving holds. 
Let X and Y be Banach spaces with unconditional Schauder bases, and let I be a Banach 
ideal in £(X, Y) with the strong convex compactness property. Let f £ B^ 2 (1R), and let 
A £ £d(X) and B £ £d(T) be such tliatsp(A) Usp(B) C R. Then 

II f(B)S - Sf(A)\\ x < Cv(A)v(B) H/Hb^rjIIBS - SA || 2 

for all S G £(X, Y) such that BS — SA £ X. In particular, ifX — Y and B — A £ 1, 

\\f(B)-f(A)\\ I < Cv(A)v(B) ||/||^ i( r)||B - A\\ x . 

Since this result does not apply to the absolute value function (and neither does 
the more general Theorem 14.61 . and because of the importance of the absolute 
value function, we now study Lipschitz estimates for more general functions. 

Let Y be a Banach space with an unconditional Schauder basis {fk)f_-\ Q Y, and 
let the projections Qjt € £(Y) be given by Q k (y ) := ytfk for all y = ff° =1 yjf £ Y 
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and k G N. Let A = {A j}^Li and p = {pk}fL] be sequences of complex numbers, 
and let cp : C 2 —» C. For n G N, define G £(£(X, Y)) by 

(5.4) T#(S):= £ ( Pf ^ j ,n)Q k S'Pj (Sg£(X,Y)). 

j,k=i 


Note that G £(X) for each Banach ideal X in £(X, Y). 

Let / G £>(C) and extend the divided difference from (I4.5L given by 


<P/(A i, A 2 ) 


/(A 2 )~/(Ai) 
A2 - A! 


for (Aj, A 2 ) G € 2 with 7 ^ A 2 , to a function : C 2 —» C. 


Lemma 5.3. Let X and Y be Banach spaces with unconditional Schauder bases, and let 
I be a Banach ideal in £(X, Y). Let A — {A j}JLi and p — {pk}kLi be sequences of 
complex numbers, and let A G £ d (X, A, U), B G £^{Y,p, V), f G B( C) and n G N. 
Then 


II f(B)Sn 


SnfiA)^ < wuwc^wv- 1 ^ 


T$* n (V(BS - SA)!!” 1 ) 


for allS el such that BS - SA G X, where S n := E” fc=1 V " 1 Q k VSU~ x VjU. 


Proof. Let S G X be such that BS — SA G X. For the duration of the proof write 
Pj := U~ l VjU G £(X) and Q k := V~ l Q k V G £(Y) for /,k G N. By (53), and 
using that PjP k = 0 and QjQ k — 0 for / k, 


00 n 00 / n \ 

f(B)S n -Snf(A) = £f(p k )Qk{ E Q/SP/) - E/( A ;)( E Q/SP/JPy 

1 '' 1 ;=1 i,/=l 


fc=l 

n 


' /,/=! 


= E (/(Pfc)-/(A;))QfcSP; 

;A=i 

-EE I { (A;) (pkQkSPj - hjQkSPj) 


j,k=l fi k ^=Aj 


hk - A; 


- E ^/(A;VF/c)Q/c(( E/bQ/)s - s ( E AjX;))P; 

;,fc=l Z=1 2=1 

- E ?f( A j'Pk)Qk(BS - SA)Pj 

j,k=i 

= V~ 1 T^’ b (V(BS - SA)U~ l )U. 

where we have used that BS — SA G M„. Now use the ideal property of X to 
conclude the proof. □ 


For a sequence A of complex numbers and A G £d(X, A ,U), define 


(5.5) 


X A inf | ||Lr|| £ ( X )||Lf 1 ||/;( X ) 


A G £ d (X, A, ii) j . 


We will call K^ the diagonalizability constant of A. Using the unconditionality of the 
Schauder basis of X and Assumption l5.ll one can show that K,\ does not depend 
on the specific ordering of the sequence A. Since the sequence A is, up to ordering. 
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uniquely determined by A (it is the point spectrum of A), K A only depends on A. 
Moreover, by Assumption [5d] and J5.21 . ||E(c r )||£(x) — ll^ _1 ||,c(x) ll^ll/yx) f° r 
a C C Borel and U £ £(X) such that A £ £ c ] (X, A, If), where E is the spectral 
measure of A. Hence 

(5.6) v(A) < K a , 

where v(A) is the spectral constant of A from Section [3.11 

We now derive commutator estimates for A and B in the operator norm, under 
a boundedness assumption which will be verified for specific X and Y in later 
sections. 


Proposition 5.4. Let X and Y be Banach spaces with unconditional Schauder bases, A £ 
£d(X, A, U), B £ C d (Y,p,V) and f £ 13(C). Suppose that 


(5.7) 

C := sup 

rjiA-fji 

L(p f ,n 


n£N 

Then 




||/(B)S-S/(A)|| £(X/Y) < 


< oo. 

C(C(X,Y)) 


CK a K b \\BS-SA\\ c(X ' Y) 


for all S£ £(X, Y). 

Proof. Let S £ £(X, Y) and let S n £ £(X, Y) be as in Lemma 15731 for n £ N. It 
is straightforward to show that, for each x £ X, S n x —> Sx as n -£ oo. Hence 
f(B)S n x — S n f(A)x —> f(B)Sx — Sf(A)x as n —> oo, for each x £ X. Lemma 1531 
and <15.7b now yield 


||/(B)S - S/(A)|| £(X/Y) < limsup || f(B)S n - S n f(A )|| £(X/Y) 

n—>oo 

<C||H||(|V- 1 ||||y(BS-SA)H- 1 || £( x,r) 
<c||H||||^ 1 ||||y||||y- 1 || ||bs-sa|| W) . 

Taking the infimum over U and V concludes the proof. □ 


Remark 5.5. Proposition l5.4l also holds for more general Banach ideals in £(X, Y). 
Indeed, let X be a Banach ideal in £(X, Y) with the property that, if {S m }“ =1 C X 
is an X-bounded sequence which SOT-converges to some S £ £(X, Y) as m —> oo, 
then S £ X with ||S||j < limsup,^^ ||S m ||j. With notation as in Proposition 15.41 
if 


C := sup 

neN 


t cpf,n 


< 00 

C{T) 


then 


||/(B)S - S/(A)||j < CK A K B ||BS - SA||j 

for all S £ £(X, Y) such that BS — SA £ X. This follows directly from the proof of 
Proposition l5.4l 
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5.2. Estimates for the absolute value function. It is known that Lipschitz esti¬ 
mates for the absolute value function are related to estimates for so-called trian¬ 
gular truncation operators. For example, in Ifl8 1 and [14j it was shown that the 
boundedness of the standard triangular truncation on many operator spaces is 
equivalent to Lipschitz estimates for the absolute value function. We prove that, 
in our setting, triangular truncation operators are also related to Lipschitz esti¬ 
mates for / the absolute value function. We do so by relating the assumption in 
(15.71 to so-called triangular truncation operators associated to sequences. We will 
then bound the norms of these operators in later sections for specific X and Y. 

Let A = {A j}JLi and p = {pjk}™ =1 be sequences of real numbers, and let X and 

Y be as before. For n £ N define £ £(£(X, Y)) by 

(5.8) liS(S):=t E QkSVj (S £ £(X,Y)). 

j,k=l }i k <Xj 


A R 

We call T a ' the triangular truncation associated to A and }i. 
For /(f) := \t\ for t £ R, define cpf : C 2 —» C by 


(5.9) 


<P/(A i, a 2 ) 


i E i ~ i. a 2 i 

Y a 2 

1 


if A\ A 2 
otherwise 


The following result relates the norm of T^ n to that of T A '||. 


Proposition 5.6. There exists a universal constant C > 0 such that the following holds. 
Let X and Y be Banach spaces with unconditional Schauder bases and let I be a Banach 
ideal in £(X, Y) with the strong convex compactness property. Let A and p be bounded 
sequences of real numbers. Let f(t) := \ t\for t £ R. Then 



l 




for all n £ N and S £ X. In particular, if sup figN ||Ta Ji(^)II-C(£(x,y)) < 00 then (15.71 
holds. 


Proof. Let n £ N and S £ X, and write A = {A j}°T 1 and p — {pk} k Li- Throughout 
the proof we will only consider Ay and p k for 1 < j, k < n, but to simplify the 
presentation we will not mention this explicitly from here on. We can decompose 


>F 

i( Pf’ n 


(S) as 


^(s)= E - £ 


n 


■ A; 


X k ,}ik>0 

E 


}i k <0<\j 


l‘k - a 


QkSVf 


ul A ; x —, 

E 

A,<0 < H hk X k , H <0 


QkSVf 


E QkSVj. 

t=o 


Note that some of these terms may be zero. By the ideal property of X and As¬ 
sumption [5dJ 


(5.10) 


E QkSVj 

hj,Fk> 0 


< 


E 2 * 

n>° 


C(Y) 


IISIIx E v , 


Xj>0 


C{X) 


^ IISIIx- 
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Similarly, L\ k4lk <o QkS'P ) 


and 


Ea 4 , w =o QkSVj are each bounded by ||S|| X . 


To bound the other terms it is sufficient to show that 

Bk ~ \ 
a,^>o^ + a ; 


E Tr-r+OkSP, 


< C 




+ 




for some universal constant C' > 0. Indeed, replacing A by —A and 11 by —// then 
yields the desired conclusion. Let 

and define g G W 1,2 (1R) by g(f) := ^ t 2 - for t G R. Note that O(S) is equal to 

£ (* (>°g I) -1) asp, + E (w (>°s g)) asp,. 

0 <] i k < A.j 0 < As <} i k 

Now let ipg : C 2 —» C be as in (13.911 . and let A := A j'Pj G £(X) and B 
EfcLi } l kQk G £(Y). Let Ty' B be as in 14.21 . One can check that 

<f>(S) =T^ B (T^(S)) - £ Q fc T£(S)P y + 


Aj,}ik >0 
px,jl 


E - tos))P/ - (S - ^; B (S)). 

Aj,}i k >0 

Any Banach space with a Schauder basis is separable and has the bounded ap¬ 
proximation property, hence Lemma [3.61 and Proposition |T2] yield 


C (7 S S )) i <16v / 2i/(AMB)||s|| w i, 2(e) T^(S)) 
By l!5.6b . v(A) — v(B) — 1. Similarly, 


- ^(S))^ < 16V51 1S' 1 1 w i, 2 ( jr) ( 
By the same arguments as in (15.10b . 


+ 


1 A,n 


(S)) 


E QkT^ n (s)Vj 

Aj,ji k >0 


+ 


E Qk(s-^(s))P } 


Kn>o 


< 2 


T^ n (S) 


Combining all these estimates yields 

||ch(S)|| x < (2 + 32v / 2||^|| w i, 2 (e) )( 


Ta*(S) 


as desired. 


□ 


6. The absolute value function on C (£ p ,£ q ) 

In this section we study the absolute value function on the space C (£ p , £ q ). We 
show that the absolute value function is operator Lipschitz on £(£ p ,£ q ) for p < 
q < oo, on £{£\) and on £(co). We also obtain results for p > q. 

The key idea of the proof is entirely different from the techniques used in 191 , 
EUE) and CHI, which are based on a special geometric property of the reflexive 
Schatten von Neumann ideals (the UMD-property), a property which £{£ p ,£ q ) 
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does not have. Instead, we prove our results by relating estimates for the operators 
from J5.81 to the standard triangular truncation operator, defined in ll6.lt below. 
For this we use the theory of Schur multipliers on £(£p, iq) developed in [4). We 
then appeal to results from [3] about the boundedness of the standard triangular 
truncation on £(£p, Iq). 


6.1. Schur multipliers. For p £ [1, oo), let be the standard Schauder basis 

of £p, with the corresponding projections Vj(x) := XjCj for x = E*Li x k e k and 
j £ IN. We consider this basis and the corresponding projections on all f'p-spaces 
simultaneously, for simplicity of notation. Note that Assumption 15.11 is satisfied 
for this basis. For q £ [1, oo], any operator S £ £(£p,£q) can be represented by an 
infinite matrix S = {S;fc}Jfc = i, where Sj k := (S(e*-),ey) for j, k £ N. For an infinite 
matrix M = the product M * S := { m^Sjk } is the Schur product of the 

matrices M and S. The matrix M is a Schur multiplier if the mapping S H» M * S is 
a bounded operator on £((p, iq). Throughout, we identify Schur multipliers with 
their corresponding operators. 

The notion of a Schur multiplier is a discrete version of a double operator in¬ 
tegral (for details see e.g. 13Q[|33in . Schur multipliers on the space Clip, iq) are 
also called (p, ^-multipliers. We denote by A4(p, q) the Banach space of ( p,q)- 
multipliers with the norm 


II m II ( m) - su p{II m * s 1£(v?) 


!I S II C(l v ,t<,) - 1 } ' 


Remark 6.1. We will also consider (p, q )-multipliers M for p — oo and q £ [1, oo]. 
Any operator S £ £(cq, iq) corresponds to an infinite matrix S — \Sjk\J\_], and M 

is said to be a (oo, q )-multiplier if the mapping S H> M * S is a bounded operator 
on £(co, £q ), and we define the Banach space At (oo, q) in the obvious way. Below 
we will often not explicitly distinguish the case p — oo from 1 < p < oo, in order 
to keep the presentation simple. The reader should keep in mind that for p — oo 
the space i v should be replaced by c (l . 


Remark 6.2. It is straightforward to see that ||M||( p ^ > sup ■ k&t q\nij^\ for all p,q £ 
[l,oo] and M £ M(p,q). 


For p, q £ [1, oo] and S £ C(i v ,£q), define 

(6.1) T a (S) := Y.V.SVj, 

k <i 


which is a well-defined element of £ (i r , i 5 ) for suitable r, s £ [1, oo], by Proposition 
!6.3l below. The operator 7 a is the (standard) triangular truncation. This operator can 
be identified with the following Schur multiplier. Let T'q = { t’- k be a matrix 

given by = 1 for k < j and t’- k = 0 otherwise. It is clear that 7 a extends to a 
bounded linear operator on £(f? p , iq) if and only if T' A is a ( p, q) -multiplier. For n £ 
N and r,s £ [1, oo] we will consider the operators 7 a,h G £(£(£p, £^), £(£ rJs)), 
given by 

r A ,„(S):= £ V k SVj (Se£(£ p ,(q). 

1 <k<j<n 


The dependence of the (p, ^)-norm of 7 a on the indices p and q was determined 
in go and lfl9l (see also EH)/ an< l is as follows. 
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Proposition 6.3. Let p, c\ G [1, oo]. Then the following statements hold. 

(i ) 0 Theorem 5.1] If p < q,l — p — q or p — q — oo, then 7a G Ai(p,q). 

(■ ii ) jfT9l Proposition 1.2] If 1 p > q oo, then there is a constant C > 0 such 
that 


W^.nW c(C{i p ,i q )) — Clnn 

for all n £ N. 

(m ) a Theorem 5.2] If 1 ^ p > q oo, then for each s > q and r < p, 
T A : £{l p ,£ q ) ^ £{£ p ,£ s ) and Ta : C(£ p ,£ q ) -> C{t r ,l q ) 
are bounded. 


We will also need the following result, a generalization of |4j Theorem 4.1]. For 
a matrix M — let M = be obtained from M by repeating the 

first column, i.e., rhj\ = mj\ and for j G N and k> 2. 


Proposition 6.4. Let p,q,r,s G [1, oo] with r < p. Let M = { nij P }fee such that 

S i-» M* S is a bounded mapping C(£ p ,£ q ) —■> £(£r,£s)- Then S i—» M* S is also a 
bounded mapping C(£ p ,£q) —> £(£ r ,£ s ),with 


ll M ll c(c(e p ,e q ),c(e r ,e s )) 



c(c(t p / q ),c(eM) ' 


Jn particular, if M G Ai(p,q) then M G Ai(p,q) with ||M|b p(? ) 



(m) 


Proof. The proof is almost identical to that of (H Theorem 4.1], and the condition 
r < p is used to ensure that \x\\f + \x 2 \P < (|xi| r + \x 2 \ r ) p ^ r for all x\,xi G C (with 
the obvious modification for p = 00 or r = 00 ). □ 


Remark 6.5. By considering the transpose M' of a matrix M, and using that M' : 

C(£q*,£ p *) —> C(£ s *,£ r *) with 

11 M 11 c(c{e q ,/ r , ),c(e s *,e r *)) = ll M ll c{c(t v ,e q ),c{e r /s))' 

as is straightforward to check, one obtains from Proposition 16.41 that for q* > 
s*, that is, for s < q, row repetitions do not alter the \\-\\c(C{£ v tq) £(bT s ))~ norm 
of a matrix. Moreover, since ||S||£^ ^ ^ is invariant under permutations of the 
columns and rows of S G L(£ p ,£f), rearrangement of the rows and columns of 
M G C{C{£ v ,£ q ), C(£ r ,£ s )) does not change the norm ||M|| £(£(<j)/ ^ £(/rA)) . 

The following lemma is crucial to our main results. 


Lemma 6.6. Let p,q,r,s G [1, 00 ] with r < p and s < q. Let A — {A j}Jf 1 and 
p — be sequences of real numbers. Then 


rpX,fl 

1 A,n 


C(C(£ p 4 q ),C(£ T A)) 


< 11 7a,; 


n\\c(C(£ p / q ),£(e r /s)) 


for all n G N. 
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Proof. Note that t£'%(S) — M * S for all S £ £(£p,£q), where M = {my/ c }“^ =1 i 
such that niji : = 1 if 1 < j,k < n and Up < A y, and = 0 otherwise. It suffices to 
prove that ||M|| £(£( W£(4A)) < ||T|| £(£(W£(Ws)) . Assume that M is non¬ 
zero, otherwise the statement is trivial. By Remark l6.5l rearrangement of the rows 
and columns of M does not change its norm. Hence, we may assume that {Ay }” =1 
and are decreasing. Now M has the property that, if = 1, then m# = 1 

for all i < j and k < l < ni 2 - By Proposition 16.41 and Remark 1631 we may omit 
repeated rows and columns of M, and doing this repeatedly reduces M to 7a,n for 
some 1 < N < n. Noting that \\TA, N \\ c{c{W/C{eM) < l|T A ,„|| £(£(W £(4A)) 
concludes the proof. □ 


is 


6.2. The cases p<q, p — q — 1, p — q — oo. We now combine the theory 
from the previous sections to deduce our main results. Throughout this section let 
/(f) := \t\ for f G 1R. 

Theorem 6.7. Let p,q £ [1, oo] zvith p<q, p — q — 1 or p = q — co. Then there exists 
a constant C > 0 such that the following holds (where £<*> should be replaced by cq). Let 
A G C^{£ p ) and B G £d(^) have real spectrum. Then 

II f(B)S - Sf(A)\\ c{w < CK A K B ||BS - SA\\ C{W 

for all S £ L(£ v ,£ q ). 

Proof. Simply combine Propositions 15.41 and 15.61 and Lemma [6.61 with Proposition 

1531 m. □ 


We single out the specific case in Theorem \67\ where p — q = l or p — q — co 
and S is the identity operator. 

Corollary 6.8. There exists a universal constant C > 0 such that 

II/(B) - fWWcw < CK A K B ||B - A\\ c[k) 

for all A,B £ £d(^i) with real spectrum. 

Corollary 6.9. There exists a universal constant C > 0 such that 
\\f(B)-f(A)\\ c{co) <CK A K B \\B-A\\ c{co) 
for all A,B £ £d(co) with real spectrum. 

In the case of Theorem 1 6. 71 where p — 2 or q — 2, we can apply our results to 
compact self-adjoint operators. By the spectral theorem, any compact self-adjoint 
operator A £ C{£f) has an orthonormal basis of eigenvectors, and therefore A £ 
£d(4,A,!i) for some sequence A of real numbers and an isometry U £ £ (£ 2 )■ 
Thus Theorem 1 6. 71 yields the following corollaries. 

Corollary 6.10. Let p £ [1,2). Then there exists a constant C > 0 such that thefolloiving 
holds. Let A £ £^(£ p ) and let B £ C{£ 2 ) be compact and self-adjoint. Then 

||/(B)S - Sf(A) || AV2) < CK a ||BS - SA|| £(V2) 

for all S £ £(£p,£ 2 ). 
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Corollary 6.11. Let q £ (2,oo]. Then there exists a constant C > 0 such that the 
following holds (where too shoidd be replaced by co). Let A £ £(t 2 ) be compact and 
self-adjoint, and let B £ C d (tq). Then 

II ms - Sf(A)\\ c{h/q) < CK B ||BS - SA|| £(4a) 

for all S £ C(t 2/ tq). 

Remark 6.12. Coro 11 a ri es 16.81 a n d 16.91 show that the absolute value function is op¬ 
erator Lipschitz on t\ and co, in the following sense. For fixed M > 1, there exists 
a constant C > 0 such that 

||/(B)-/(A)|| <C||B —A|| 

for all diagonalizable operators A and B such that K,q, K B < M, and C is indepen¬ 
dent of A and B. 

For p < q a similar statement holds. Restricting B £ C d {tq) and /(B) £ £(lf) 
to operators from Ip to tq, and letting S be the inclusion mapping tp tq in 
Theorem l6.71 one can suggestively write 

I1/(B)~/(A)|| £(V9) <C||B-A|| £(V9) , 

for all A £ L d {t v ) and B £ jC d (£q) with K^,K B < M. This also applies to Corol¬ 
laries 16.101 and 16.111 


6.3. The case p > q. We now examine the absolute value function / on £(tp,tq) 
for p > q, and obtain the following result. 

Proposition 6.13. Let p,q £ (l,oo] with p > q. Then for each s < q there exists a 
constant C > 0 such that the following holds (where too should be replaced by Co). Let 
A £ C d (tp,\,U) and B £ £ d ( y tq,p,V) have real spectrum, and let S £ £{t v ,lq) be 
such that V(BS - SA)U ^ £ L{t p ,l s ). Then 

II f{B)S - Sf(A) \\ C{W < C\\U\\ c{ip) || l/" 1 II V(BS - SAjU- 1 || £(Vs) . 

In particular, if p — q and V(B — AjU^ 1 £ £{tp,t s ), then 

II f(B)-f(A)\\ cw < CWUWc^WV-'Wc^WVjB - AjU-'WjC^y 


Proof. Let R V(BS — SA) U 1 . With notation as in Lemma 15.31 
||/(B)S n -S n /(A)|| £(v?) < Mc^WV-'Wc^ T$ n (R) 




for each n £ N. Proposition 15.61 Lemma [6761 (with p = r and with q and s in¬ 
terchanged) and Proposition 16.31 (Hi) (with q and s interchanged) yield a constant 
C > 0 such that 


rp\,}l 

iff,n 


(*) 


< C' 

T(V?) 



C(I p A) 


Since £(tp,t s ) •— t £(t p ,tq) contractively, 

l\mSn-Snf(A)\\ c(w < C||LJ|| /:( ^ ) ||V- 1 || /:( ^ ) ||V(BS-SAl)LT- 1 || jC(Ws) 

for all n £ N, where C = 2 C'. Finally, as in the proof of Proposition 15.41 one lets n 
tend to infinity to conclude the proof. □ 
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In the same way, appealing to the second part of Proposition 16.31 (iii), one de¬ 
duces the following result. 

Proposition 6.14. Let p,q G [1, oo) ivith p > q. Then for each r > p there exists a 
constant C > 0 such that the folloioing holds (inhere loo should be replaced by co). Let 
A G £d(£p,A,U) and B G £&{£ q ,}i,V) have real spectrum, and let S G £(£p,£f) be 
such that V(BS - SA)U ^ G C(£ r ,£ q ). Then 

ll/(S)S — Sf(A)\\jr^ f £^ < C||Lf||£ ( £ Fj) ||P _1 || jC( ^ ) ||y(BS — SA)lf _1 || jC( £ r ^ ij) . 

In particular, if p — cj and V(B — A)U _1 G £{£ r , £q), then 

\\f(B)-f(A)\\ cw <c||Lr|| £(£p) ||v- 1 || £(v ||p(B-A)Lr 1 || £( , rA) . 

We single out the case where p — q — 2. Here we write f{A) — A for a 
normal operator A G £(£ 2 ), since then f{A) is equal to | A\ V A*A. Note also 
that the following result applies in particular to compact self-adjoint operators. 
For simplicity of the presentation we only consider e G (0,1], it should be clear 
how the result extends to other e > 0. 

Corollary 6.15. For each e G (0,1] there exists a constant C > 0 such that the follow¬ 
ing holds. Let A G £d(£ 2 ,A,U) and B G £^f£i’P'V) be self-adjoint, with U and V 
unitaries, and let S G £{£ 2 ). IfV(BS — SA)II G £(£ 2 ,£ 2 -e)i then 

|||B|S - S\A\\\ c[li) < C||V(BS - SA)U~ l \\c(i lA _ e ) 

and ifV(BS - SAjlT 1 G £(4+ e ,4) then 

|||B|S-S|A||| £(4) <C||y(BS-SA)H- 1 || £(W2) . 

In particular, ifV(B — A)ll -1 G £{£2,£i-e)> then 

\\\B\ - |A||| £( , 2) < C||V(B- A)H- 1 || £( , 2/2 _ e) 

and ifV(B - A)li _1 G £(4+ e ,4), then 

$B\-\A\\\ m) <C\\V(B-A)U-^ c{h+eA y 

7. LIPSCHITZ ESTIMATES ON THE IDEAL OF p-SUMMING OPERATORS 

Let H be a separable infinite-dimensional Hilbert space. It was shown in |lj 
that a matrix M = {nip is a Schur multiplier on the Hilbert-Schmidt class 
S 2 C £{H) if and only if sup• ^ my < 00 . By |23| , S 2 coincides with the Banach 
ideal n p (H) of all p-summing operators (see the definition below) for all 1 < p < 
00 . Hence a matrix M = { my is a Schur multiplier on n ; ,(H) if and only if 
sup / \my\ < 00 . In Lemma [7.21 we show that the same statement is true for the 
Banach ideal TIp(£p*,£p) in £{£ v *,£ p ), for all 1 < p < 00 . As a corollary we obtain 
operator Lipschitz estimates on n (J (£p*, Ip) for each Lipschitz function / on C. 

Let X and Y be Banach spaces and 1 < p < 00 . An operator S : X —> Y is 
p-absolutely summing if there exists a constant C such that for each n G N and each 
collection {xj}" =1 C X, 

(7- 1 ) (£ll s ( x ;)||y) P - C sup (EK X *' X ;>I P ) P - 

;=i 7 IMIx*<i ;=i 7 



24 


JAN ROZENDAAL, FEDOR SUKOCHEV, AND ANNA TOMSKOVA 


The smallest such constant is denoted by Tip, and ITp(X, Y) is the space of p- 
absolutely summing operators from X to Y. We let II p (X) := II p (X, X). By Propo¬ 
sitions 2.3, 2.4 and 2.6 in Ifl3l . (Flp(X, Y), Tip(-)) is a Banach ideal in C(X, Y). 

Below we consider p-absolutely summing operators from ip* to ip. We first 
present the following result. 

Lemma 7.1. Let 1 < p < oo and S — [=y Then S G IIp(ip*,i p ) if and only if 

CO CO i 

C P ■= (E E \ s jk\ V ) , ’ < °°- 

j =l Jt=i 

In this case, Jip(S) = Cp. 

Proof. In fll3l Example 2.11] it is shown that, if Cp < oo, then S G I I pi ip*, ip) with 
TipiS) < Cp. For the converse, let n G N and let Xj ej G i p * for 1 <j<n. By 
([7Tb (with X = fp* and Y = i p ), 

( n oo I 

EEW'^(s)- 

fc=l;=l 

Letting n tend to infinity concludes the proof. □ 

For the following corollary of Lemma [7.11 recall that a matrix M is said to be a 
Schur multiplier on a subspace I C Cilp, if) if S i—> M * S is a bounded map on 
X. Recall also the definition of the standard triangular truncation 7 a from (16.lb . 


Corollary 7.2. Let p G (1, oo) and let M — {m^be a matrix. Then M is a Schur 
multiplier on n p {ip*,ip) if and only if sup ; k < oo. In this case, 

l M \\c(u v {i v *,i r )) ~ SU P \ m jk\- 
i'k 

In particular, T& G C{Up{i p *, i p )) with \\Tif\ c ^ t ^ = 1. 


Observe that 7 a i C(C(Lp*,ip)) for p* > p, by Proposition |63](h). Neverthe¬ 
less, 7 a is bounded on the ideal Tlp(ip*,ip) C C[ip*,ip) for all p G (1, oo). 

For a Lipschitz function / : C —> C, write 


I Lip 


:= sup 

Zi,Z2GC 

z x fz 2 


|/( z l) ~/(z 2 )| 
\zi -z 2 | 


Moreover, let cpf : C 2 —> C be given by 




l A i|-|-t 2 | 

A 1 -A 2 

0 


if Ai f A 2 
otherwise 


We now prove our main result concerning commutator estimates on lip (ip*, ip). 

Theorem 7.3. Let p G (1, 00 ), A G Cf ip*) an d B G Cfip). Let f : C —» € be 
Lipschitz. Then 

(7.2) Tip(f{B)S - Sf(A )) < ||/|| Lip 7r p (BS - SA) 

/or a/Z S G C{i p *,ip) such that BS — SA G FIp(^p*Tp). 




OPERATOR LIPSCHITZ FUNCTIONS ON BANACH SPACES 


25 


Proof. Let A = {Ay}“ =1 and p — {jik}kLi be sequences such that A £ C&(£ p *, A, U ) 
and B £ £^(£ p ,p, V) for certain U £ C(£ p *) and V £ C{£ p ). 

It follows directly from J7.Hl that, if {S m }“ =1 C II p (£ p *,£ p ) is a 7q,-bounded se¬ 
quence which SOT-converges to some S £ £(X, Y), then S £ 11/; (£ p -,£p) with 
7Tp(S) < limsup ))( _ ?oo 7Tp(S m ). Hence, by Remark 15.51 it suffices to prove that 

SU PjiGIN \\ T v'f‘,n\\C{n p {£ p t/ p )) < ll/llLip' where 

A(s) = t cpf^nWVj (S£ n p (v^p)) 
i *=i 

for n £ IN. Fix n £ N and note that T^ n (S) — M* S for S £ n p (£ p *,£ p ), where 
M = is the matrix given by nij k — <Pf(Xj, y k ) for 1 < j,k < n, and 

nijk = 0 otherwise. Then 

sup \m jk \ < sup \ <p f (Aj, p k )\ < H/lliip ■ 

j,k j,k 

Corollary [X2] now concludes the proof. □ 

Problem 7.4. Let p,q,r £ [1, ool be such that q > 2 and ^ — 1 < I and \ — \ — \ + i. 
Then the Schatten class S r coincides with the Banach ideal TT P/ q(£f) of ( p, q)-summing 
operators on £2 (for the definition of (p, q)-summing operators see ifl3l/ ). Hence , by iflit . 
f/ie standard triangular truncation is bounded on TI P/ q(£ 2 ) for these indices. For which 
r h r 2 £ [l/ 00 ] the standard triangidar truncation bounded on Tl P/ q(£ ri ,£ r2 )? Are there 
other non-trivial ideals T in £(£ p ,£f) such that the standard triangular truncation is 
bounded on X? As shozvn in Theorem (and the rest of this paper), answers to these 
questions are linked to commutator estimates for diagonalizable operators. 

8. Matrix estimates 

In this section we apply the theory developed in Sections 0J [5] and [6] to finite¬ 
dimensional spaces, and in doing so we obtain Lipschitz estimates which are in¬ 
dependent of the dimension of the underlying space. The results from Section [7j 
in particular Theorem 17.31 also yield dimension-independent estimates on finite¬ 
dimensional spaces, but we leave the straightforward derivation of these results 
to the reader. 

8.1. Finite-dimensional spaces. Letn £ N and let X be an n -dimensional Banach 
space with basis {e\, .. .,e n j C X. For 1 < k < n, let V k £ £(X) be the projec¬ 
tion given by V k (x\e\ + ... + x„e n ) := x k e k for (aq,... ,x n ) £ C". Recall that an 
operator A £ £(X) is diagonalizable if there exists U £ C(X) invertible such that 

(8.1) HALT 1 = £ X k V k 

k =1 

for some (Aj,..., A„) £ C n . In this case we write A £ £d(X, {Ay}” =1 , U ). Recall 
also the definition of spectral and scalar type operators from Sect ion [3.11 

Lemma 8.1. Each A £ £(X) is a spectral operator. Furthermore, A is a scalar type 
operator if and only if A is diagonalizable. If A £ £d(X, {Ay}" =1 , LI) then the spectral 
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measure E of A is given by E(U) — OifUr\sp(A) = 0, and E({A}) — Ea ; =a ^ 1 Vj U 
for A G sp (A). 

Proof. It was already remarked in Section [5] that any diagonalizable operator is a 
scalar type operator, with spectral measure as specified. By f!5l Theorem XV.4.5], 
an operator T G £(Y) on an arbitrary Banach space Y is a spectral operator if and 
only if T = S + N for a scalar type operator S G £(Y) and a generalized nilpotent 
operator N G £( Y) such that NS — SN, and this decomposition is unique. Com¬ 
bining this with the Jordan decomposition for matrices yields that each A G £(X) 
is a spectral operator. If A is a scalar type operator, then the Jordan decomposition 
yields a commuting diagonalizable S and a nilpotent N such that A — S + N. By 
the uniqueness of such a decomposition Ifl5l Theorem XV.4.5], N — 0 and A — S 
is diagonalizable. □ 


Let A G £ d (X, {A y}? =1 , IT). As in Q 



k =1 


Let Y be a finite-dimensional Banach space. A norm || ■ || on £(X, Y) is symmetric if 

• IIRSTII < ||R|| £(Y ) ||S|| ||T|| £(x) for all R G £(Y), S G £(X,Y) and T G 

£(X); 

• ||x*® y|| = ||x* || x * ||y|| Y for all x* G X* and y G Y. 

Clearly (£(X, Y), || ■ ||) is a Banach ideal in the sense of Section l3£l if and only if || ■ || 
is symmetric. 

The following result extends inequalities which were known for self-adjoint 
operators on finite-dimensional Hilbert spaces and unitarily invariant norms (see 
e.g. |[18] and |5] Chapter X]), to diagonalizable operators on finite-dimensional Ba¬ 
nach spaces and symmetric norms. Note that, for general finite-dimensional Ba¬ 
nach spaces X and Y, a symmetric norm on £(X, Y) is not unitarily invariant. Let 

2t := 2t(C x C) be as in Section l3~3l and for / G 13(C) let cpf(A\, Af) '■= 

for (Aj, A 2 ) G C 2 with A| f= Ai, as in (14.5b . Recall the definition of the spectral 
constants v(A) and v(B) from Section 13.11 The following is a direct corollary of 
Theorem l4.61 since £(X, Y) has the strong convex compactness property. 

Theorem 8.2. Let f G £>(C) be such that cpf extends to an element of 21. Let X and Y be 
finite-dimensional Banach spaces, || ■ || a symmetric norm on £(X, Y), and let A G £ d (X) 
and B G £ d (Y). Then 


||/(B)S - S/(A)|| < 16v(A)v(B)||^ / || a ||BS - SA|| 
for all S G £(X, Y). In particular, ifX — Y, 


(8.2) ll/(B) /(A) I] < 16v(A)v(B)||<py|| 2l || B — A 


Corollary 8.3. There exists a universal constant C > 0 such that the following holds. Let 
X and Y be finite-dimensional Banach spaces and || ■ || a symmetric norm on £(X, Y). Let 
f G B^ ol (]R), and let A G £ d (X) and B G £ d (Y) be such that sp(A) Usp(B) C ]R. 
Then 


||/(B)S - S/(A)|| < Cv(A)v(B) II/IIb^ i( r)I|BS - SA 
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for all S G C(X,Y). In particular, ifX — Y, 


II/(B) -/(^)ll < Cv(A)v(B) ||/||^ i(r) ||B - A||. 

Remark 8.4. Let cq, 02 C C be finite sets. Then any cp : cq x cq —> € belongs to 
21 (cq x cq). Indeed, one can find a representation as in (13.81 1 by letting Q be finite 
and solving a system of linear equations. Therefore Theorem l4.6l yields an estimate 


||/(B)S-S/(A)||<16v(AMB)|| f/ || a(!pM)> „ p(B)) ||BS-SA|| 

as in (14.611 for all / G 13(C). This might lead one to think that the restriction in 
Theorem 18.21 that cp f extends to an element of 21 is not really necessary. However, 
for general/ G B( C) the norm ||^/ ||sji( S p(yi)xsp(B)) ma y blow up as the number of 
points in sp(A) and sp(B) grows to infinity. Indeed, as remarked before, letting 
/ G B(C) be the absolute value function and considering the operator norm, a 
dimension-independent estimate as in ( 18.21 1 does not hold for all self-adjoint oper¬ 
ators on all finite-dimensional Hilbert spaces ||5j (X.25)]. Hence cp c does not extend 
to an element of 21, and one cannot expect to obtain Theorem 18. 2l or Corollary 18.31 
for all bounded Borel functions on C. 


8.2. The absolute value function. We now apply the results for the absolute value 
function from previous sections to finite-dimensional spaces. Throughout this sec¬ 
tion, let/(f) := |f| for f G 1R. 

First note that Lemma 15.31 and Proposition 15.61 relate commutator estimates to 
estimates for triangular truncation operators for general symmetric norms on ma¬ 
trix spaces. 

For iiGN and p G [1, 00 ) let ff denote C” with the p-norm 

H ,*n)||p := (El*/) 1 ((*1,-• -,Xn) G C"), 

7=1 

and let I'f be C" with the norm 

H(xi,... / x„)|| 00 := max I x.-1 ((x lf ..., x„) G C"). 

l<j<n 

Theorem 16.71 immediately yields the following result. It shows that, although the 
Lipschitz estimate 

11/(5) — f{A)\\c(gn > q') < const ||B A\\ 

does not hold with a constant independent of the dimension n for / the absolute 
value function, p = q = 2 and all self-adjoint operators on If, one can neverthe¬ 
less obtain such estimates for p < q, p — q — 1 or p — q — oo by considering 
diagonalizable operators A and B for which K/\, h/ : ; < M, for some fixed M > 1. 
For A a diagonalizable operator, recall the definition of K,\ from (15.511 . 

Theorem 8.5. Let p,q G [1, 00 ] with p < q, p = q = 1 or p — q — 00 . Then there 
exists a constant C > 0 such that the following holds. Let n G N and let A G C^((ff) 
and B G (If) have real spectrum. Then 

\\f(B)S - Sf(A)\\ CW) < CK A K B ||BS - SA\\ CW) 

for all S G jC(£p,£f). In particular, 

11/(5) ~ f{ A )\\c{ifq) — CK a Kb \\B - A\\ c ^n^ . 


28 


JAN ROZENDAAL, FEDOR SUKOCHEV, AND ANNA TOMSKOVA 


Of course Corollaries 16.101 and 16.111 imply that for p = 2 or q — 2 and A or B 
self-adjoint, the estimates in Theorem |H3] simplify. 

For p > q, Propositions [6.131 and 16.141 yield dimension-independent estimates. 
We state the estimates which follow from Proposition 16.131 the analogous result 
that follows from Proposition ^. 14l should be obvious. 

Proposition 8.6. Let p,q G (l,oo] with p > q. For each s < q there exists a constant 
C > 0 such that the following holds. Let n G N, and let A G (f”, A, U) and B G 
C d (£q, p, V) have real spectrum. Then 

II f(B)S - Sf(A)\\ cm) < C||Lf||^ ?) ||y- 1 || £( , ?) ||y(BS - SA)U\\ miis) 
for all S G C(£p,£^). In particular, 

II f( B ) ~ f( A )\\c(efq) < c l|b||,c(^)||U 1 \\c(q)\\ v ( B ~ A ) u \\c{t”,q)- 

In the case p — q = 2, Corollary 16.151 implies the following. Again we only 
consider e G (0,1], for simplicity, but the result extends in an obvious manner to 
other e > 0. We write f(A) = \ A\ — \/A*A for a normal operator A on Pf 

Corollary 8.7. For each e G (0,1] there exists a constant C > 0 such that the following 
holds. Let n G N and let A G jC. d (Pf \,U) and B G £d(b> 'l l 'V) he self-adjoint 
operators, with U and V unitaries. Then 

(8.3) 

lll B l _ 1^1 II.chf) - Cmin(||y(B - A)U x || c(q,q_ e )> \\ V ( B ~ A ) u 1 \\c{q +e ,q))- 

We note that J8.31 in turn yields, for instance, the following estimate: 

lll B l “ l^lll£(^) < C \\ B ~ A \\c{lf) m i n (||b 1 ||£(^,^_ e )/||V'||£(^ +e ^n)). 
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